Discrete Algebraic Structures
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Abstract Concrete

Structures with multiplication, (relations, o, Id)  ({0,1}%, -, €)

Real Numbers: x, 1/x,

S —1
Structures with multiplication, inverses, I\/I?trlc_:es. X M ' 1
Bijective Functions: o, /',

Modular arithmetic: x, [a],",

R, +, x 7./d7Z, +, x
Structures with addition and multiplication ER”X”, —I—), ><)( /(]R[X], -|-,)><)
Structures with addition and scalar multiplication (R", +, A+)

Definition of abstract object that
. . Concrete examples we want to study
generalizes something we know

. for example, Fermat's little theorem

\

|dentify some properties that are
important in the concrete case

General theorems about
all our examples



Abstract Concrete

Structures with multiplication, (relations, o, Id)  ({0,1}%, -, €)

Real Numbers: x, 1/x,

S 1
Structures with multiplication, inverses, I\/I?trlc_:es. X M ' 1
Bijective Functions: o, /',

Modular arithmetic: x, [a],",

R, +, x 7./d7Z, +, x
Structures with addition and multiplication E]R{”X”, —I—), >()( /(]R[X], -|-,)><)
Structures with addition and scalar multiplication (R", +, A+)

Plan for today:
e a bit more about groups: homomorphisms, how to compare groups

e structures with several binary operations: rings
e polynomials

Goal:

e overview of algebra for CS
e understand necessary notions for error-correcting codes (for next week)




Definition. An or on A is a function o: A> — A
We write a o b instead of o(a, b).
(A, o) is a if o is associative and has a neutral element

(A, o) is a if o is associative, has a neutral element, and every a € A has an inverse

Example. a b C

This is:

a| a b c e A monoid?

e A group?

e Neither a monoid nor a group?

bl b C a



https://pingo.coactum.de/981003
https://en.wikipedia.org/wiki/Binary_operation

Definition. An or on A is a function o: A? — A.
We write a o b instead of o(a, b).

(A, o) is a if o is associative and has a neutral element
(A, o) is a if o is associative, has a neutral element, and every a € A has an inverse
Example. ¢ b C Example. 0 1 2
a| a b C 0 O 1 2
b | b c | a g 0 11 1 2 | 0
b1
c| ¢ a | b ~ 2 | 2 0 1
CrH 2

Two different groups! But.. are they really different?


https://en.wikipedia.org/wiki/Binary_operation

Comparing groups Antoine Wiehe

Definition. An internal composition law or binary operation on A is a function o: A> — A.
We write a o b instead of o(a, b).
(A, o) is a monoid if o is associative and has a neutral element

(A, 0) is a group if o is associative, has a neutral element, and every @ € A has an inverse

1,1 1 12 o 24 o ... 91/1024
5+ 7+ + 1o 2 x 2 x e x 2

R, +) =) (
\ X — 2% /

Two different groups! But.. are they really different?

R0, ><)



https://en.wikipedia.org/wiki/Binary_operation

Comparing groups Antoine Wiehe

Definition. An internal composition law or binary operation on A is a function o: A> — A.
We write a o b instead of o(a, b).
(A, o) is a monoid if o is associative and has a neutral element

(A, 0) is a group if o is associative, has a neutral element, and every @ € A has an inverse



https://en.wikipedia.org/wiki/Binary_operation

Comparing groups Antoine Wiehe

Definition. An internal composition law or binary operation on A is a function o: A> — A.
We write a o b instead of o(a, b).
(A, o) is a monoid if o is associative and has a neutral element

(A, 0) is a group if o is associative, has a neutral element, and every @ € A has an inverse

Computation in (B, L)
%4_%4_...4_10% 212 5 DA o .. 5 111024
1424+ ...47 s +[2ls + - +1[7]s



https://en.wikipedia.org/wiki/Binary_operation

Homomorphisms between structures Antoine Wiehe

Definition. Let (A, o) and (B, ) be two monoids.

A homomorphism h: (A, o) — (B, ) is a function such that
h(a o a’) = h(a)Uh(a’)

From Math 1:

Definition. A map f: R" — R"” is called linear if for all
x,y € R" and A € R, we have:
fx+y) = F(x)+1(y)
f(Ax) = Af(x)

~> a linear map is a homomorphism (R", +) — (R", +)!



https://en.wikipedia.org/wiki/Group_homomorphism

Definition. Let (A, o) and (B, ) be two monoids.
A h: (A, o) — (B,0) is a function such that
h(a o a’) = h(a)Oh(a’)

Examples.
e Linear maps R" — R"
e Exponential map: x — e* is a homomorphism (R, 4+) — (Rsq, X)
e Logarithm?
e The “mod d" function x — [x]y is a homomorphism (Z, +) — (Z/d7Z, +)

For x € {0, ..., d — 1}, define h(x|4) = x.
This is a function Z/dZ — 7.
Is this a homomorphism (Z/dZ, +) — (Z, +)?



https://en.wikipedia.org/wiki/Group_homomorphism
https://pingo.coactum.de/981003

Definition. Let (A, o) and (B, ) be two monoids.
A h: (A, o) — (B, L) is a function such that
h(aoa) = h(a)Oh(a’)

Examples.
e Linear maps R" — R"
e Exponential map: x — e* is a homomorphism (R, 4+) — (Rsq, X)
e Logarithm?
e The “mod d" function x — [x]y is a homomorphism (Z, +) — (Z/d7Z, +)

Consider det as a function from n x n-matrices to R.
Is it a homomorphism:

o (R, +) > (R, +)?
o (R, x) — (R, +)?
o (R™7 x) — (R, x)?
o (R, x) — (R, +)?


https://en.wikipedia.org/wiki/Group_homomorphism
https://pingo.coactum.de/981003

Definition. Let (A, o) and (B, ) be two monoids.
A h: (A, o) — (B, L) is a function such that
h(aoa) = h(a)Oh(a’)

Examples.
e Linear maps R" — R"
e Exponential map: x — e* is a homomorphism (R, 4+) — (Rsq, X)
e Logarithm?
e The “mod d" function x — [x]y is a homomorphism (Z, +) — (Z/d7Z, +)

If hisa , we say that it is an

Example. G = [ (1 O) , (_1 0 ) ] is a group (with matrix multiplication).

0 1 0 -1
Which group has an isomorphism with G?
o (Z/2Z,+)
* (Z,+)

o (4/37,+)


https://pingo.coactum.de/981003
https://en.wikipedia.org/wiki/Group_homomorphism

Definition. Let (A, o) and (B, L)
A h: (A, o) — (B,
h(aoa’) = h(a

Examples.
e Linear maps R" — R"

Exponential map: x — e* is a homomorphism (R, +)

o
e Logarithm?
[

The “mod d" function x — [x]ys is a homomorphism (Z, +) —

be two monoids.

) is a function such that

)Uh(a’)

—< (R>Or X)

(Z/dZ, +)

If hisa , we say that it is an
, there is only one group of size 2
n 1 2 3 4 5 6 7 8 9 10 11 12
numberof |y 5 4 2 11 5 2 2 1 5
groups
Message:

e if the “thing” you are studying is a group, then there is a lot of structure to exploit

e even if your group is not we saw in class, it could be

to one


https://en.wikipedia.org/wiki/Group_homomorphism

Rings, Fields, and Polynomials



Abstract Concrete

Structures with multiplication, Relations: o, ({0,1}%, -, €)

Real Numbers: x, 1/x,

S 1
Structures with multiplication, inverses, I\/I?trlc_:es. X M ' 1
Bijective Functions: o, /',

Modular arithmetic: x, [a],",

. . o (R, +, x) (Z/dZ, +, x) _
Structures with addition and multiplication R 4 %) (RIX], +, X)
Structures with addition and scalar multiplication (R, +, A)

What can we say about how + and x relate in our examples?

Definition. Let + and x be internal composition laws on A.
We say that x distributes over + if for all a,b,c € A

ax(b+c)=axb+axc (b+c)xa=bxa+cxa


https://en.wikipedia.org/wiki/Distributive_property

Definition. Let + and x be internal composition laws on A.
We say that X over + if for all a,b,c € A

ax(b+c)=axb+axc (b+c)xa=bxa+cxa

All addition/multiplication operations you know
PNV O)=(pAP)V(pAD)

eV (PNO)=(pVyY)A(eV0)
same with N and U

Definition. Let + and x be binary operations on A. Exercise: for each of the following, think

Then (A, +, x) is a s about why It is a ring.
e (A, +) Is a commutative group, ¢ ({O, / },/\,V)
e (A, x) is monoid, e (10,1}, V, A)
e X distributes over +. * (Z/dZ, +, X}
° (Rnxn’_l_’ ><)

Neutral element for +: written O
Neutral element for x: written 1


https://en.wikipedia.org/wiki/Distributive_property
https://en.wikipedia.org/wiki/Ring_(mathematics)

Group "=" mon0|d W|th subtraction Field “=" commutative ring with division

Definition. Let (R, +, x) be a ring. We call it a field if:
o every a # 0 has a multiplicative inverse: some a~' such that a x a=' =1
e X IS commutative

Examples. The following are fields:
o (R, +, %)

(Q, +, %)

®
e Rational fractions (with addition and multiplication)
o (Z|dZ,+, x)?

Most of what you learn for R” is true for every K” if K is a field
Since Z /27 is a field so:

e can talk about linear maps and inverses and ... with vectors in {0, 1}"
e can talk about Fourier transforms
e a lot of modern CS (pratice and theory) does not exist without this algebraic concept



https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Monoid
https://en.wikipedia.org/wiki/Ring_(mathematics)
https://en.wikipedia.org/wiki/Field_(mathematics)

Polynomials



Definition. Let (R, +, x) be a ring. A with coefficients in R is an expression of the form
ao+ a1 X +a X+ +a,X"

where aq,...,a, € R.
e g, are called the of the polynomial
e Two polynomials are equal if, and only if, for every i € N, they have the same coefficient of degree i
o If m € N is the largest integer such that a, # 0, we say that it is the of the polynomial

Notation. The set of all polynomials with coefficients in R is written R|X].

e 2+ 5X: polynomial in Z|X] of degree 1
e 5X + 2: same polynomial, order of the terms does not matter
e 0X? + 5X + 2: same polynomial, terms with 0 coefficient don't matter.

Note: polynomials work over every ring! This is a polynomial with coefficients in R?*?:

[ i)efo 3] (7o)

_— N —



Definition. Let (R, +, x) be a ring. A with coefficients in R is an expression of the form
ao+ a1 X +a X+ +a,X"

where aq,...,a, € R.
e g, are called the of the polynomial
e Two polynomials are equal if, and only if, for every i € N, they have the same coefficient of degree i
o If m € N is the largest integer such that a, # 0, we say that it is the of the polynomial

Notation. The set of all polynomials with coefficients in R is written R|X].

e 2+ 5X: polynomial in Z|X] of degree 1
e 5X + 2: same polynomial, order of the terms does not matter
e 0X? + 5X + 2: same polynomial, terms with 0 coefficient don't matter.

Enumerate all the polynomials of degree < 2 with coefficients in Z/27.
How many are there?

o 1

o 2

o 4
e 3
o

infinitely many



https://pingo.coactum.de/981003

Definition. Let (R, +, x) be a ring. A with coefficients in R is an expression of the form
ao+ a1 X +a X+ +a,X"

where aq,...,a, € R.
e g, are called the of the polynomial
e Two polynomials are equal if, and only if, for every i € N, they have the same coefficient of degree i
o If m € N is the largest integer such that a, # 0, we say that it is the of the polynomial

Notation. The set of all polynomials with coefficients in R is written R|X].

e 2+ 5X: polynomial in Z|X] of degree 1
e 5X + 2: same polynomial, order of the terms does not matter
e 0X? + 5X + 2: same polynomial, terms with 0 coefficient don't matter.

Implementation: a polynomial A € R|X] is just implemented as an array A where A[i] is the
coefficient of degree i.



Addition and multiplication Antoine Wiehe

(XZH+2X+2D)+ X+ X+1) = X3+ X2 4+3X +1 (things you already probably know)
(X2 +2X+2) x (X2 +X+1)= XO4+2X +3X3+3X2+4X+2
In general:

Definition. Let A=ag+a: X+ ---+asX%and B=bg+ b1 X+ -+ by X% Define
A@ B = (ag@hg) + (ay + b1)X + -+ + (ag + bg)X¢

and
A x B =tybot -+ agbgX?
(Coefficient of degree i in A x B is Z/ o aibi /) leferent operatlonsl On different sets!

What happens to the degree?
e deg(A + B) < max(deg(A), deq(B))
e deg(A x B) < deg(A) + deg(B)
e deg(A x B) = deg(A) + deqg(B) if coefficients in a field (we define deg(0) = —co for this to be true)




Addition and multiplication Antoine Wiehe

(XZH+2X+2D)+ X+ X+1) = X3+ X2 4+3X +1 (things you already probably know)
(X2 +2X+2) x (X2 +X+1)= XO4+2X +3X3+3X2+4X+2
In general:

Definition. Let A=ag+a: X+ ---+asX%and B=bg+ b1 X +---+ byX?. Define
A@ B = (ag@hg) + (ay + b1)X + -+ + (ag + bg)X¢

and
A x B =tybot -+ agbgX?
(Coefficient of degree i in A x B is Z/ o aibi /) leferent operatlonsl On different sets!

Theorem. Let R be a ring. Then (R[X], +, X) is a ring.




Polynomial diViSiOﬂ Antoine Wiehe

Theorem. Let a,b € 7Z with a # 0. There exists a unique pair of integers g, r such that:
e b=gqga+r
e r{0,...,|a|—1}

The first item makes sense if we see a, b, g, r as polynomials, but the second does not.




Theorem. Let K be a . Let A, B € K[X]| with A #£ 0.

There exists a pair Q, R € K[X] of polynomials such that: what is called divmod in Python
o B=0A+R
o deg(R) < deg(A). Definition. A BitR=0

def divmod(B,A): X0 43X° +7X* +7X3 +6X?% +3 X2 4+2X +3

assert(A '= 0) Y 5 4
Q,R = 0,B X7+ 2% + 3X7) XA X342X7

while deg(R) >= deg(A): X2 +4XT +7X0 +6X°2 43
a,r = Aldeg(A)],R[deg(R)] —(X> 42X +3X°)
(r/a) * Xxx(deg(R)-deg(A)) 2X4 +4X3 +6X2 +3
Q+S —(2X* +4X3 +6X7)
R - S*A
return (Q,R)

XO+3X> +7X +7X° +6X+3 = (X2 +2X + 3)+



Theorem. Let K be a . Let A, B € K[X]| with A #£ 0.

There exists a pair Q, R € K[X] of polynomials such that: what is called divmod in Python
o B=0A+R
o deg(R) < deg(A). Definition. A BitR=0

def divmod(B,A):
assert(A !'= 0)
Q,R = 0,B
while deg(R) >=_deg We need K to be a field! Otherwise

g(A)] ,R[deé(R)] 1/a (= a™') does not necessarily exist.

*x X*xx(deg(R)-deg(A))

Example. A =2, B = X polynomials in Z|X].
R - SxA e Suppose B = QA+ R, where Q, R € Z|X]

return (Q,R) e Then X = (go + g1X)2 = 2q9 + 24 X

e Sol = 2(]1




Definition. Let A, B € K| X|. We say that D € K[ X] is a
e D divides A and B
e Every divisor of A and B has degree at most deg(D)

Can be computed using Euclid’s algorithm!
Also get Bézout's coefficients directly from this

ged(X2 — X —6, X2 +3X +2) = —-4X —8=—4(X+2)
X2—X—-6=1- +
= (—1/4X —1/4) +

of A and B |f (note: it is not unique. If D is a gcd,
then 2D is also a gcd)

def euclid(A,B):
if deg(A) > deg(B):
A,B =B,A # swap A and B
1f A == 0:
return B

remainders = [B,A]

while remainders[-1] !'= O:
B = remainders[-2]
A = remainders[-1]
Q,R = divmod(B,A)
remainders.append (R)

return remainders[-2]



polynomials over field < integers Antoine Wiehe

“A divides B" is an order on K[ X]

can define prime polynomials just like for numbers

can prove the existence/uniquess of prime decompositions
there are infinitely many prime polynomials

can define an equivalence relation =p for D € R[X]

X2 4+2x+1  X24+3X+2 X2 +4X + 3

1

X+ X+ 2 X+ 3

— X

1 Exercise Think about these things!
Is the polynomial X% + 1 in R[X] prime? Why/why not?




Summary Antoine Wiehe

e Rings “ultimate” structures that generalizes the notions you know about addition/multiplication

e Commutative rings with division = fields
e Polynomials with coefficients in a field behave a lot like Z (division, gcd, primes, .. .)

e fields/polynomials pop up all the time in CS

Next week Final week

e Final exam organisation

e A bit more about finite fields
e Recap of notions

e Application: error-correcting codes
(QR codes, space communication, ...) o Quizzes




