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Organizational things Antoine Wiehe

e Registration for the exam is now open (until December 14)

Register on TUNE
e Also register for the Studienleistung if not done already (and if you can)
e Exam on March 10 (whole day, in groups of ~ 100)

Exam has 2 parts:
e Part 1 (around 100 points): mostly multiple choice questions + numerical questions

e Multiple choice questions: negative points for wrong answers
DO NOT TRY TO GUESS
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e Registration for the exam is now open (until December 14)

Register on TUNE
e Also register for the Studienleistung if not done already (and if you can)
e Exam on March 10 (whole day, in groups of ~ 100)

Exam has 2 parts:
e Part 1 (around 100 points): mostly multiple choice questions + numerical questions
e Multiple choice questions: negative points for wrong answers

DO NOT TRY TO GUESS
e Also some questions with computations (just enter a number)

e Part 2 (around 100 points): proofs

Strategy to not fail:
e Focus on Part 1: enough points to get a 2.0-2.3 if done perfectly
e Part 2 only for those of you who hope to get 1.x
Do not attempt if you are not confident with writing proofs (points are not easy to get)




Countable sets, uncountable sets
Countable sets = what can be represented exactly on a computer

Combinatorial proofs as a way to prove equalities/inequa

Drawing a tuple/(multi)set with/without replacement
n = size of the set we are drawing from

k = number of draws

ities about numbers using functions

Injection A > B < |Al < |B
Surjection A—- B <« |Al > |B
Bijection A—-> B <« |Al=|B
Order matters Order does not matter

Replacement

No replacement




What's next Antoine Wiehe

3 “advanced” proof techniques for counting:

e Double counting
e The inclusion-exclusion principle
e Application: counting partitions and surjective functions

e The pigeonhole principle and Ramsey's theorem

Talk about asymptotic growth of counting functions




Double counting Antoine Wiehe

|dea:
e we know if f: A — B is bijective, then |A| = |B|
e what can we do with relations instead of functions? A

Definition. Let RCAxB,ae A, b e B.
e deg(a) = [{b € B|(a,b) € R}|
e deg(b) = |{a € Al (a,b) € R}
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Theorem. ZaeA deg(a) = |R| = ZbeB deg(D).

Proof. Theorem has a ¥ ~~ partition R into subsets
e R,: all edges “touching” a RCAxB
e Ry: all edges “touching b ) _,eadeg(a) =16 =) ,_zdeg(b)
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|dea:
e we know if f: A — B is bijective, then |A| = |B|
e what can we do with relations instead of functions?

Definition. Let RCAxB,ae A, b e B.
e deg(a) = [{b € B|(a,b) € R}|
e deg(b) = |{a € Al (a,b) € R}

Theorem. ZaeA deg(a) = |R| = ZbeB deg(D).

Proof. Theorem has a ¥ ~~ partition R into subsets
e R,: all edges “touching” a
e Rp: all edges “touching b




Double counting Antoine Wiehe

|dea:
e we know if f: A — B is bijective, then |A| = |B|
e what can we do with relations instead of functions?

Definition. Let RCAxB,ae A, b e B.
e deg(a) = [{b € B|(a,b) € R}|
e deg(b) = |{a € Al (a,b) € R}

Theorem. ZaeA deg(a) = |R| = ZbeB deg(D).

Proof. Theorem has a ¥ ~~ partition R into subsets
e R,: all edges “touching” a
e Rp: all edges “touching b R, = {(a1, b), (a2, b), (a3, b), (a4, b)}




|dea:
e we know if f: A — B is bijective, then |A| = |B|
e what can we do with instead of functions?

Definition. Let RCAx B, a € A, b € B.
e deg(a) = |{b € B (a,b) € R}
e deg(b) = |{a € A| (a,b) € R}

Theorem. )  _,deg(a) = |R|=)_,cpgdeg(b).

Proof. Theorem has a ¥ ~~ partition R into subsets
e R,: all edges “touching” a

Ry: all edges “touching b

Size of R,? deg(a)

R = UGEA RC’

R,NRy =0 ifa+ad

By the union rule, |R| =) ___,deg(a).

When to use this?

|f:
e The degrees are known
e |A| is known

Then we can know |B].
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We have seen: (/<

Proof using double counting:
e Want to know: |P({1,..., n}|

e Define A= {(ay,..., ag) € {1,..., n} | Vi#j:a; # aj}
e Define R C A x B: PN
R ={((a1,..., ag), TYe Ax B|{aq,..., ay} =T} ak) € .. D Vi jraifaj)

e degree of elements of A?

B ="P(...)
What is deq(T) for every T € B? E 2,4}
o 1 , 3}
o n!
o 2k
o k!
3,4}

(For the example: k = 3)


https://pingo.coactum.de/981003/

Example: the binomial coefficient, again Antoine Wiehe

We have seen: (Z) n& n!

Proof using double counting:
e Want to know: |Pr({1,..., n}|
e Define A= {(ay,..., ag) € {1,..., n}k |Vi#j:a; #aj}
e Define RC A x B:
R={((ar,...,a1), TYEAX B|{a1,...,a,} = T}

e degree of elements of A?

ak)E...k|Vi7£jIUi7éaj}

ic ||
e degree of elements of B is k! B=P . )
By double-counting: 2, ‘3‘}
Y geadeg(a) = Y1 gdeg(T) 3
) 3,4}

(For the example: k = 3) [FiF



Inclusion-exclusion principle Antoine Wiehe

Union rule: |[AU B| = |A| + |B| — |[AN B|
How to compute |AU BU C|?
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Inclusion-exclusion principle Antoine Wiehe

Union rule: |[AU B| = |A| + |B| — |[AN B|
How to compute |AU BU C|?

A1+181 161 140 BI-14n €l 130 O] {ARBAC] - 14050 ¢

B

C

This is called the inclusion-exclusion principle.




Ideally, one would like to be able to count more complicated expressions like |[AU BU C U D)|

sign alternates between + and —
Theorem. If A, ..., A, are finite sets, then

|A1 J-..-U An| — er?=1 (_1)r+1 Z1gi1<i2<---<i,gn |Ai1 ARRRNE Air

Proof: by induction on n > 2, base case is the union rule

“Loop” over all subsets {iy,...,i.}
of {1,...,n} with r elements

In some special cases, all the intersections |A;, N--- N A; | have the same size N,, we then get:

Theorem. Let Ay, ..., A, be finite sets and Ny, ..., N, € N be such that for all r € {1,...,n} and all
distinct iy,...,i, € {1,...,n}, the intersection A;, N--- N A; has size N,. Then

AU UA = S0 (=) ()N,

r


https://en.wikipedia.org/wiki/Inclusion–exclusion_principle#Formula

At Least Four Distinct Prime Factors Less Than 100 (From projecteuler.net)

Problem 268

It can be verified that there are 23 positive integers less than 1000 that are divisible by at least four distinct primes less than 100.

Find how many positive integers less than 10'° are divisible by at least four distinct primes less than 100.

Setup: S = {n & {1,...,10'°} | n is divisible by four distinct primes less than 100}

_ _ - 16
S = Uy, pyps.p4 distinct primes Dpipapsps Where Dy = set of multiples of k smaller than 10

Naive attempt:

from itertools import combinations

smallPrimes = primes(100) # compute all primes up to 100
finalSet = set()
for (p1l,p2,p3,p4) in

print(len(finalSet))


projecteuler.net

At Least Four Distinct Prime Factors Less Than 100 (From projecteuler.net)

Problem 268

It can be verified that there are 23 positive integers less than 1000 that are divisible by at least four distinct primes less than 100.

Find how many positive integers less than 10'° are divisible by at least four distinct primes less than 100.

Setup: S = {n & {1,...,10'°} | n is divisible by four distinct primes less than 100}

_ _ - 16
S = Uy, pyps.p4 distinct primes Dpipapsps Where Dy = set of multiples of k smaller than 10

Naive attempt:

from itertools import combinations

smallPrimes = primes(100) # compute all primes up to 100
finalSet = set()
for (pl,p2,p3,p4) in combinations(smallPrimes,4):

print(len(finalSet))


projecteuler.net

At Least Four Distinct Prime Factors Less Than 100 (From projecteuler.net)

Problem 268

It can be verified that there are 23 positive integers less than 1000 that are divisible by at least four distinct primes less than 100.

Find how many positive integers less than 10'° are divisible by at least four distinct primes less than 100.

Setup: S = {n & {1,...,10'°} | n is divisible by four distinct primes less than 100}

_ _ - 16
S = Uy, pyps.p4 distinct primes Dpipapsps Where Dy = set of multiples of k smaller than 10

Naive attempt:

from itertools import combinations

smallPrimes = primes(100) # compute all primes up to 100

finalSet = set()
for (pl,p2,p3,p4) in combinations(smallPrimes,4):

# take all multiples of pl*xp2*p3*p4 that are smaller than 10716
for k in range(10**16 / (pl*p2*p3%*p4)):
finalSet = finalSet | {pl*p2*p3*p4 * k}
print(len(finalSet)) # outputs the correct number



projecteuler.net

Antoine Wiehe

(From projecteuler.net)

Application: speeding up an algorithm

At Least Four Distinct Prime Factors Less Than 100
Problem 268 D

It can be verified that there are 23 positive integers less than 1000 that are divisible by at least four distinct primes less than 100.

Find how many positive integers less than 10'® are divisible by at least four distinct primes less than 100.

Setup ={n € {1,...,10'°} | n is divisible by four distinct primes less than 100}
= Uy, .pr.ps.pa distinct primes Dpipapsps Where Dy = set of multiples of k smaller than 10'°
|Di| = 10" /k
?
Sl= 2 Deped C 3 sl

P1 ,pz,p3,p4distinct P1,P2,P3,P4,P5 distinct

How many times did we count 2 x 3 x 5 x 7 x 11?7 () =(Stimes

How many times did we count 2 x 3 x5 x 7 x 11 x 13?7 (%) —4(2) = —9 times



projecteuler.net

Antoine Wiehe

Application: speeding up an algorithm

F jecteuler.net
At Least Four Distinct Prime Factors Less Than 100 (From projecteuler.net)

Problem 268 m

It can be verified that there are 23 positive integers less than 1000 that are divisible by at least four distinct primes less than 100.

Find how many positive integers less than 10'® are divisible by at least four distinct primes less than 100.

Setup ={n e {1,...,10"} | n is divisible by four distinct primes less than 100}
= Up1 2.pa.pa distinct primes Dy, p.psps Where Dy = set of multiples of k smaller than 1076
|Di| = 10'°/k
|S| — Z |D,D1P2P3P4| % Z |DP1P2P3P4P5| |DP1"‘P6| T

P1 ,pz,p3,p4distinct P1,P2,P3,P4,P5 distinct

How many times did we count 2 x 3 x 5 x 7 x 11?7 () =(Stimes

How many times did we count 2 x 3 x5 x 7 x 11 x 137 (2) —4

How many times did we count p1 X po X --- x p, 2|1 — (—1)r(r§1



projecteuler.net

r—1
Z |DP1P2P3P4| —4 Z |DP1P2P3P4P5| Tt (_1)r ( 3 )

P ,pz,pg,p4distinct Py ps distinct P14

from itertools import combinations # 1terator on subsets
from math import comb # gives the binomial coefficients

smallPrimes = primes(100)

result = 0
= 10%x16

for r in range(4,len(smallPrimes)+1):
sum_for_fixed_r = 0

for combination_of_primes in combinations(smallPrimes,r)
product = 1
for p in combination_of_primes:
product *= p
sum_for_fixed_r += N//product
result += (-1)**xr *x comb(r-1,3) * sum_for_fixed_r
print (result)

)

p, distinct

|Dp1 “Pr




What we have seen so far: if A, B are finite, then there are:
o |B|A functions f: A — B

o |BIA functions f: A —» B
ldeas:
(1) If we know the number of functions that are surjective,
we know the number of surjective functions
(2) The set of is the union of simple sets

LetFl:{fA—>B|bl§éf[A]}

Suppose |A| = 8 and |B| = 4.
What is |F;|?

§§> ”3

A function in F1



https://pingo.coactum.de/981003/

Application: counting surjective functions Antoine Wiehe

What we have seen so far: if A, B are finite, then there are:
e |B|" functions f: A — B
o |BJ injective functions f: A — B
ldeas:
(1) If we know the number of functions that are not surjective,

we know the number of surjective functions
(2) The set of not surjective functions is the union of simple sets °

LetFl:{fA—>B|bl§éf[A]}

|Fin Fj| = it i <j ¢

A function in F1 N F>7?




Application: counting surjective functions

What we have seen so far: if A, B are finite, then there are:
e |B|" functions f: A — B
o |BJ injective functions f: A — B
ldeas:
(1) If we know the number of functions that are not surjective,

we know the number of surjective functions
(2) The set of not surjective functions is the union of simple sets

LetFl:{fA—>B|bl§éf[A]}
|FinFi| =(B]-2)Alif i<

|Fin FiNFi| = if i <j<k

Antoine Wiehe

A function in F1 N F> N F37?




What we have seen so far: if A, B are finite, then there are:
o |B|A functions f: A — B

o |BIA functions f: A —» B
ldeas:
(1) If we know the number of functions that are surjective,
we know the number of surjective functions
(2) The set of is the union of simple sets

LetFl:{fA—>B|bl§éf[A]}
|FinFil =(B|-2)Alif i <
|FinFinFl=(B|=-3Wifi<j<k

Fun---NF,

=(|B|—nAlif iy <--- < i,

Theorem. The number of surjective functions A — B is given by

> o= (B (B - )




Counting partitions Antoine Wiehe

Clustering is an important problem in data science/machine learning
Goal: find a clustering of the points that minimizes an objective function




Clustering is an important problem in data science/machine learning
Goal: find a clustering of the points that minimizes an objective function

set_of_clusterings(nb_clusters=5)

clustering in S: ° °
check if this clustering . ° °
is good enough ° °
Clustering <> partition of the set <» eq. relation * o, °
cluster <> part <> eq. class
o
o

How many partitions with k parts of a set with n elements are there?

surjective
functions

partitions of {1,..., n}

in k parts \»




Clustering is an important problem in data science/machine learning
Goal: find a clustering of the points that minimizes an objective function

S = set_of_clusterings(nb_clusters=5)

for clustering in S: ° °
# check if this clustering . ° °
# 1s good enough ® °
Clustering <> partition of the set <> eq. relation * o, *
cluster <> part <> eq. class '.
< o
o

How many partitions with k parts of a set with n elements are there?

Theorem. The number of of {1,...,n} into IS

T ()

n=39k=5~ partitions into k parts


https://en.wikipedia.org/wiki/Stirling_numbers_of_the_second_kind

Usually, to prove dx ¢ one must give a concrete x that works
Sometimes, is enough:
e Pigeonhole principle

e Ramsey theory

e Probabilistic method

In fact if A is much bigger than B, one can obtain more elements like this:

Theorem. Suppose f: A — B is a function and |A| > |B].
Then distinct x, y € A such that f(x) = f(y).

Theorem (Pigeonhole principle). Suppose f: A — B is a function and |A| > k|B| for some k € N.
Then there exists distinct x1, ..., xkt1 € A such that f(x;) = f(x;) forall i,j € {1,..., k+1}.

Example. For any 9 numbers a4,..., a9 from {1,...,16}, two numbers are at distance exactly 2.

1 3 5 /
° ° ° °

® O
RN
RN
RN
)
RN
@)


https://en.wikipedia.org/wiki/Pigeonhole_principle

Theorem. Let r € N. There exists n € N such that for every symmetric relation R C A?,
if |A| > n, there exist aq, ..., a, € A distinct such that either:

® (ai,aj) e R for all 175]

o or (a;,a;) € Rforall i #j.

Example. We choose r = 3. Ramsey's Theorem gives us n = 6

° 0

.

For r =4, n = 18 is enough
For r = 5, nobody knows what n isl!


https://en.wikipedia.org/wiki/Ramsey%27s_theorem

