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On input 0100:
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On input 0110:
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Finite Automata

Example
0] 1

ANETNANE

0,1
On input 0100:
0 1 0 0
di — q1——> Q2 —> q3 — Q>

D .

0100 is accepted.

On input 0110:
rd

0 1 1 0
di —>q1——=q2——> 42— g3

0110 is rejected.
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Finite Automata

Definition
A deterministic finite automaton M is a 5-tuple

M=(Z,%X,9,z,E)

where
e Z: Finite set of states
e J: Input alphabet with ZN X = ()
e 7y € Z: Initial state
e £ C Z: Set of accepting / final states

e 0: / x > — /Z: State transition function
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State diagram
directed graph with nodes representing the states and labeled edges
representing the state transitions

Initial state

labeled with an arrow start

Final state

double circle

State transition

if 0(z1,a) = 2 @ A >@
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Example: Soda Machine

States: Z = {zy,z1, 20}

Zo: machine waits for coins
z1: machine waits for drink choice (Cola, Fanta, Beer, ...
Z>: machine waits for drink removal

Initial state: zg start
Final state: z

Input alphabet: ¥ = {coin, drink, cancel, removal}

State transitions

d(zp, coin) = z
d(z1,drink) = z
d(zz, removal) = z

d(z1, cancel) = z
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States: Z = {ZQ, 21, 22, 23}

Initial state: z
Final state: z3

Input alphabet: ¥ = {a, b}

State transitions

5(20,3) = 71, 5(Zo,b) = Z3, 5(21,3) —A)
5(21,19) = 20, 5(22,3) = Z3, 5(22,[3) = 1
5(23,3) = 20, 5(23,b) = 22



Further Example

States: Z = {Z(), 21, 22, 23}

Initial state: z
Final state: z3

Input alphabet: ¥ = {a, b}

State transitions

5(20,3) = 71, 5(Zo,b) = Z3, 5(21,3) = 2>
5(21,[9) = 20, 5(22,3) = Z3, 5(22,[3) = 1
5(23,3) = 20, 5(23,b) = 22

State transitions - Table representation
) a b

20 74 Z3
Z] Z2 20
Z2 Z3 Z1
Z3 20 Z2
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Language Accepted by a DFA

Definition
Let M = (Z,%,9, 20, E) be a deterministic finite automaton. Then
we define the function 0 : Z x X * — Z inductively:

foracld xel* zec /.

Example
6(z, aab) = z;
6(z>, bbbaaa) = z
6(zi, b"a") = z

10 -



Language Accepted by a DFA

Language of a DFA
The language accepted or recognized by M is then given by

L(M) :={x € X*|d(z,x) € E}.
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Language of a DFA
The language accepted or recognized by M is then given by

L(M) :={x € X*|d(z,x) € E}.

Remarks
e O extends O from characters to words

e For characters we have §(z, a) = d(z, a)
(in this case we do not differentiate between length 1 words and
characters)

o Further we have: §(z, a1as...a,) = (... 8(8(z, a1), @) ..., an)
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Claim

L(M) = 1a}"{b}

How to prove this?
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Claim

How to prove this?
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Let x € {a}*{b}, i.e. x is of the form a*b.

We have 4(qo, a*) = go and 6(qo, b) = g1, so 8(qo, a*b) = q1.

That means x is accepted by M, i.e. x € L(M).
So we have proved that {a}*{b} C L(M).

13 -



Further Example

Accepting language?

14 -



Further Example

Accepting language?
L={xe€{a b}" | (#ain x) — (#bin x) = 3(mod 4)}

14 -



Further Example

Accepting language?
L={xe€{a b}" | (#ain x) — (#bin x) = 3(mod 4)}

Try to prove it formally.

14 -
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DFA: Regular Languages

Theorem
Every language that can be accepted by a DFA is generated by a regular

(type 3) grammar.

Grammar Languages Production rules (constraints)

Type 3 Regular A— a, A — aB

Example

For every transition g — g’

’b: 9 y S — aA | bB

.’ put the rule g — aqg': A aB | aC

start b @ > B — bA | bC
C — cC

b e 0 For every g SN Daccept PUT the

A — a

rule g — a:
B —b

C —>c



DFA: Regular Languages
Proof of Theorem

Let M = (Z, X, 9, z9, E) be an automaton.
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DFA: Regular Languages

Proof of Theorem

Let M = (Z, X, 9, z9, E) be an automaton.

We construct a regular grammar G = (V, X, P, S) with

V=2 =22, 5=z,

and rules P:
o if zp € E then (z0 +¢) € P

e for each transition §(z1, a) = z», put the following rule:

(Zl — 322) cP

and if z, € E:
(21%3)6 P

17 -



DFA: Regular Languages

Proof of Theorem (cont'd)

x:alag...anEL(M)
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DFA: Regular Languages

Proof of Theorem (cont'd)

x:alag...anEL(M)

< d sequence 7, 71, . . ., z, of states of M with zp the initial state
and z, € E such that

5(20, 31) = 71, 5(21, 32) =22, ..., 5(2,7_1, a,,) = Zpj.
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DFA: Regular Languages

Proof of Theorem (cont'd)

X =a1a»...an € L(M)
< d sequence 7, 71, . . ., z, of states of M with zp the initial state
and z, € E such that
0(z0,a1) = z1, 0(z1,82) = 22, ..., O(2Zn—1,3n) = Zp.
< dsequence z9, 71 ..., 2z, of variables of G with z the initial

variable such that

Z) = d1Z1 — dijar»Zy = -+ = a1ad2...adn—-1Zn—1 — 41ad2 ...adn—14,



18 -

DFA: Regular Languages

Proof of Theorem (cont'd)

X =a1a»...an € L(M)
< d sequence 7, 71, . . ., z, of states of M with zp the initial state
and z, € E such that
0(z0,a1) = z1, 0(z1,82) = 22, ..., O(2Zn—1,3n) = Zp.
< dsequence z9, 71 ..., 2z, of variables of G with z the initial
variable such that
Z) = d1Z1 — dijar»Zy = -+ = a1ad2...adn—-1Zn—1 — 41ad2 ...adn—14,

& x € L(G)



DFA: Total State Transition

Remark
The state transition function of a DFA might be a partial funcation, i.e.

does not need to be defined for each element in the domain of definition.
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DFA: Total State Transition

Remark
The state transition function of a DFA might be a partial funcation, i.e.

does not need to be defined for each element in the domain of definition.

Mathematically one can associate a total function f' : X — Y U { L} for
a partial function f : X — Y with:

i) — {j_(x) :l;;e Def(f)
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Construction of a DFA with total state transitions
e Introduce a new state | (error state) with 1 ¢ > UZ and 1¢ E
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DFA: Total State Transition

Construction of a DFA with total state transitions

e Introduce a new state | (error state) with 1 ¢ > UZ and L& E
e Let all missing transitions point to L.

e AddVxe X :§(L,x)=1Ltod

Example: Soda Machine

coin/cancel /drink
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