Automata Theory and Formal Languages

Summer Term 2025

6th Lecture

Nondeterministic Finite Automata

Prof. Dr. Matthias Mnich Institute for Algorithms and Complexity


Matthias Mnich
Typewriter
6


Non-deterministic
Finite Automata



Non-deterministic finite automata

A Non-deterministic finite automaton (NFA) is an extension of DFA
which allows its states to transit to multiples states on a single input
character.



Non-deterministic finite automata

A Non-deterministic finite automaton (NFA) is an extension of DFA
which allows its states to transit to multiples states on a single input

character.
. A
O



Non-deterministic finite automata

A Non-deterministic finite automaton (NFA) is an extension of DFA
which allows its states to transit to multiples states on a single input

character.
. A
O

e An NFA accepts if at least one state sequence exist, which
terminates In an accepting state.



Non-deterministic finite automata

A Non-deterministic finite automaton (NFA) is an extension of DFA
which allows its states to transit to multiples states on a single input

character.
. A
O

e An NFA accepts if at least one state sequence exist, which
terminates In an accepting state.

e An NFA can have multiple initial states.
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Example of non-deterministic finite automaton

An NFA over the alphabet {0, 1}
0,1
start
m nOx
start

? Which strings does this automaton accept?

It accepts strings ending with 00 or the length one string O.



Recall: Power sets

For a set X, its power set is family
P(X)={U| U< X}

of all its subsets.



Recall: Power sets

For a set X, its power set is family
P(X)={U| U< X}

of all its subsets.

bz
P({a b}) ={0,{a}, {b}, {a b}}



Recall: Power sets

For a set X, its power set is family
P(X)={U| U< X}

of all its subsets.

bz
P({a b}) ={0,{a}, {b}, {a b}}

Remark
e ) € P(X)
o X € P(X)
e The power set has |P(X)| = 2/X! elements.
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NFAs: Formal definition

An NFA M is a 5 tuple
M= (Z,%,6,5, E)

where
e /: Finite set of states

e > Input alphabet ZN X = ()

e S C Z: Set of initial states
e £ C Z: Set of final / accepting states

e §: Z x ¥ — P(Z): State transition function
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Power Set Construction

Extended transition function ¢
0 can again be generalized from characters to strings:

0 :P(Z) x &* = P(2)
with
5(Z',e)=2" forall Z'cZ
5(Z', ax) = | ] 8(8(z, a), x)
zeZ’ |

0({z0, z1},001) = {2, z3, z4, 25}
> 5A({22, z4},110) = {2z, z5 }
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Equivalence of NFAs and DFAs

Proof of Theorem
Let M = (Z,%,6,S, E) be an NFA.
Construct the power automaton of M, i.e. M' = (P(Z), X, ¢, Qov, E')
with
§'(Z',a) = U 5(z,a) =6(Z',a), Z' € P(2)
zeZ’
Zy=S
E ={Z eP(Z)| Z NE #0)

10 -
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Proof of Theorem (cont'd)

Now for a string x = a1a>...a, € 2™ we have

x € L(M)

& J sequence of subsets Z{, ..., Z of Z with
0(S,a1)=2{,6(Z{,a2)=25,..., 0(Z _{,an) =2 and ZLNE #£ 1)

< dsequence 77, ..., Z! of states of M’ with
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Equivalence of NFAs and DFAs

Proof of Theorem (cont'd)

Now for a string x = a1a>...a, € 2™ we have
x € L(M)
< 1 sequence of subsets 77, ..., Z! of Z with

0(S,a1) =Z1,0(Zl,a)=2Z5,....8(Z' 1, an) =Z" and ZZ.NE £ )
< dsequence 77, ..., Z! of states of M’ with

6 (Z8,a1) = Z{,0'(Z{,a2) = 25, . .., 60'(Z) _1,an) =2 and Z; € E’
& 8(Z5,x) e E
& x e L(M)

11 -
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Regular Grammars and
Regular Expressions
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Expressiveness of D/NFAs and regular gramma

Theorem: DFA, NFA, regular grammars and regular
expressions are equally expressive, meaning that they
produce/recognize the same collection of languages.

Technique of the proof

Regular Grammar NFA Regular Expression
\_/ \//
Already proved: NFA — DFA and DFA — Regular Grammar.

It remains to show that
e Regular Grammar — NFA

e NFA <+ Regular expression



Regular Grammar — NFA

Theorem: For any regular grammar G = (V, X, P, S) there
exists an NFA A= (Z,X,9,5’, E) with L(A) = L(G).
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Regular Grammar — NFA

Theorem: For any regular grammar G = (V, X, P, S) there
exists an NFA A= (Z,X,9,5’, E) with L(A) = L(G).

Grammar

Languages

Production rules (constraints)

Type 3

Regular

A— a, A— aB

Proof
Z=VU{X}L, XgV
§'={S}
S X} if(S—¢e)eP
- {x) else

Bedj(Aa)if(A—aB)eP
XedAaif(A—a)eP
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Theorem: For any regular grammar G = (V, X, P, S) there
exists an NFA A= (Z,X,9,5’, E) with L(A) = L(G).

Proof

roo Example

Z/:\/U{X},X@/V S — aA | bB A — a

5:{5} A — aB | aC B — b
- [{s. X} if(S—e)eP e
- {X} else
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Theorem: For any regular grammar G = (V, X, P, S) there
exists an NFA A= (Z,X,9,5’, E) with L(A) = L(G).

Proof

roo Example

Z/:VU{X}1X¢V S — aA | bB A — a

5:{5} A — aB | aC B — b
- [{s. X} if(S—e)eP e
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Regular Grammar — NFA

Theorem: For any regular grammar G = (V, X, P, S) there
exists an NFA A= (Z,X,9,5’, E) with L(A) = L(G).

Example

S — aA | bB A — a
A — aB | aC B — b
B — bA | bC C —»>c

C — cC S — ¢
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Proof (cont'd)

Now for a string x = ajas...a, € 2™ we have

x € L(G)

< d sequence of variables Aq, ..., A,_1 with
S = a1A; = 3180A = - = 31ar...ap,_1A_1 = 313> ...35_13"

< d sequence of states Aq, ..., A,_1 with
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Regular Grammar — NFA

Proof (cont'd)

Now for a string x = ajas...a, € 2™ we have

x € L(G)

< d sequence of variables Aq, ..., A,_1 with

S = a1A; = 3180A = - = 31ar...ap,_1A_1 = 313> ...35_13"

< d sequence of states Aq, ..., A,_1 with
5(5, 31) =) Al, 5(A1, 32) > A2 ..... 5(/4,,_1, a,,) > X

& x € L(M)

15 -
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Theorem: For any regular expression R, the language L(R)
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Theorem: For any regular expression R, the language L(R)
can be recognized by a NFA.

Recall: RegU|ar expressions @, € and each a € X are regular expressions with
0*10* L(D) = 0, L(e) = {e} and L(a) = {a}
(0+1)*1(0+1)* If R{ and Ry are regular expressions then the following are
((04+1)(0+1))* also regular expressions:

o (Rl + R2) with L(R]_ + R2) = L(Rl) U L(Rz)
® (RyRp) with L(RyRp) = L(R1)L(Rp)
o (Ry)with L(R}") = L(Ry)*

01+10
0(0+1)™0+1(0+1)™ 1+0+1

Proof of Theorem
Let R be a regular expression with L = L(R). For R =0, R = ¢, and

R = a, the following DFAs recognize L(R).

R )

€ a
NFA start % start start @ a >@
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Proof (cont'd)

Assume that R; and R» are regular expressions and
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Proof (cont'd)

Assume that R; and R» are regular expressions and

Ml — (Zl, Z, (51, 51, El) and M2 = (ZQ, Z, 52, 52, E2) be NFAs with
L(Ml) = L(Rl) and L(Mz) = LR2)

We will in the following show that R = Ry + R, R = R1{R», and

R = R{ can be generated by NFAs.

R=FR+ R

We construct the union automaton
M = (Z]_UZQ, 2 ,01Udyr, S1US,, E1UE2)
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Proof (cont'd)

Assume that R; and R» are regular expressions and

Ml — (Zl, Z, (51, 51, El) and M2 — (ZQ, Z, 52, 52, E2) be NFAs with
L(Ml) = L(Rl) and L(Mz) = LR2)

We will in the following show that R = Ry + R, R = R1{R», and

R = R{ can be generated by NFAs.

R=R R — )

1 + 2 _’O © @ @
We construct the union automaton e O o O
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Proof (cont'd)

Assume that R; and R» are regular expressions and

Ml — (Zl, Z, (51, 51, El) and M2 = (ZQ, Z, 52, 52, E2) be NFAs with
L(Ml) = L(Rl) and L(Mz) = LR2)

We will in the following show that R = Ry + R, R = R1{R», and

R = R{ can be generated by NFAs.

)
R=F+Fk -0 ~00
We construct the union automaton 50O o O
M:(21UZQ,Z,51U52,51U52,E1UE2) © OO©
and then have L(M) = L(R). M Ms
@ /—\\\\
8 ~-Oo|"
o8 o O
> O

-
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Proof (cont'd)

R=RiR

The concatenation can be accepted by an NFA M obtained by connecting M; and
M5 in series. To this end, in M; we take those states that have an arrow to a final
state and connect them with similar transitions to all initial states of M>.
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NFA — Regular Expressions

Theorem: Any language which can be recognized by an
NFA can be described by a regular expression.
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NFA — Regular Expressions

Proof (cont'd)

Base of induction: For kK = 0 we have

i#j: L;={aeX|i(z9) =2z}
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Proof (cont'd)
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Base of induction: For k = 0 we have
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NFA — Regular Expressions

Proof (cont'd)

Base of induction: For kK = 0 we have
e L?j:{aEZ]5(z;,a):zj}
L?/ — {8} U {a c X ‘ 5(2,', a) — Z,'}

Thus L?J is finite and can be generated by a regular expression (i.e. just a
sequence of + expressions).

Induction step: Let kK > 1 and Lf-‘J be expressible by a regular expression
(Lf(,j — L(Rilfj))-
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NFA — Regular Expressions

Proof (cont'd)

To use the induction step, we
need to express Lf(jfl in terms of
those with smaller upper indices.
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’—_~\
\
LK

Proof (cont'd) 7 ke
To use the induction step, we ) '
need to express Lf(jfl in terms of bk 1 Lk

| Skt1,j

those with smaller upper indices.

k+1 _ gk k k x| k @ 3 é
Li; _Li,jUL'k+1(Lk+1,k+1) Leia TR

I,
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Proof (cont'd) 7 ke
To use the induction step, we ) Ny
. L~ ., @’
need to express Lf(jfl in terms of ikt -
. " . . 1 ‘-_k 11
those with smaller upper indices. ! <
k+1 _ qk k k % [ k @ 3 é
Lij~=Lj; U L7 i (L k1) " Lgn L

Explanation: If z,4; is not needed to travel from z to z; we have Lf"j.
Otherwise we run trough z,.1 one or multiple times, but we start and

stop at zx,1 for the substring in the middle.
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7T Tk
Proof (cont'd) 7 e
To use the induction step, we ) ,
. L" .
need to express Lf(jfl in terms of ikt -
= ! . . | ‘\__k 11
those with smaller upper indices. \ <
k+1 _ k k k @ LK. é
Lij~ = Li; UL Pt (L k1) Lk—i—]._j A

Explanation: If z,4; is not needed to travel from z to z; we have Lf"j.
Otherwise we run trough z,.1 one or multiple times, but we start and

stop at zx,1 for the substring in the middle.
By the induction hypothesis, L,J, Lk PIRE LkJrl k41 and Lk—l—]._j can be
generated by the regular expression and thus LkJrl can be generated by

R,-/fjrl Rk + Rkk+1(Rk+1 k1) Rk+1j



NFA — Regular Expressions

Proof (cont'd)

Finally we have

L(M) = U L’f,i

z,€E
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NFA — Regular Expressions

Proof (cont'd)

Finally we have

L(M) = U L’f,i
z,€E
If i1, 60,..., I, are the indices of the final states we have

R=(R{;, +R{, +---+R;)

with L(R) = L(M), which completes the proof.
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NFA — Regular Expressions

Wd =(—O

M

We need to find R = (R, + R{, + -+ R{; ) with i, o, ..., im being
the final states.
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the final states. Here R = R} ,.

a,b

()
RO O R OO

M

) with 11, I

Remeber: R,-/fjrl Rk + Rkk+1(Rk+1 k+1) R/l(<—|—1_j
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We need to find R = (R, +R{, + -+ R{;

the final states. Here R = R} ,.

a,

()
RO O R OO

b

M

) with 11, I

Remeber: R,-/fjrl Rk + Rkk+1(Rk+1 k+1) R/l(<—|—1_j

Riy = (e +a+b)
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NFA — Regular Expressions

a,b

RO Oan OO
M
We need to find R = (R, + R{, + -+ R{; ) with i1, o, ..., im being
the final states. Here R = R} ,.
Remeber: R = RfS + RE 1 (RE 1) RE -

Riy = (e +a+b)
Rii=Rii+R(R),)" Ry = (a+b)”
Ri, =(a+b)"a

Ri; = (a+ b)*ab
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Wﬂa =—=®
M

We need to find R = (R, + R{, + -+ R{; ) with i1, o, ..., im being
the final states. Here R = R} ,.
Remeber: R = RfS + RE 1 (RE 1) RE -

Riy = (e +a+b)
Rii=Rii+R(R),)" Ry = (a+b)”
Ri, =(a+b)"a

Ry = (a+ b)*ab

Rf4 = (a+ b)*aba
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Summary

The following are equally expressive in the sense that they all
produce/recognize regular languages:

e Regular Grammars

e NFAs (Nondeterministic Finite Automata)
e DFAs (Deterministic Finite Automata)

e Regular Expressions
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